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Bulky Subgraphs of the Hypercube
ANDREI˘ KOTLOV
Let Qd be the d-dimensional hypercube on 2d vertices, and let G be its induced subgraph. We
say that G is simple-majority if |G| > 2d−1 and G is bulky if it is connected and meets every facet
of Qd . We show that every simple-majority G has a bulky subgraph. This was conjectured by Alon,
Seymour and Thomas (A separator theorem for non-planar graphs, J. Am. Math. Soc. 3 (1990) 801–
808). Further, we show that such a subgraph can be chosen on d + 1 vertices if d ≤ 5 and on fewer
than 6× 1.5d−5 vertices if d ≥ 6.
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1. DEFINITIONS AND INTRODUCTION
Given a Cartesian system of coordinates 0x1 . . . xd in Rd , the d-dimensional hypercube Qd
can be defined as the graph whose 2d vertices are the zero–one vectors inRd , two such vertices
being adjacent if and only if the corresponding vectors differ in exactly one coordinate. Let
us say that a neighbor v of a vertex u is in the direction of xi if u and v differ precisely in
coordinate i . In particular, each vertex has exactly d neighbors, one in every direction. For the
vertex 0 ∈ Rd , we denote these neighbors by e1, . . . , ed .
Notice that Qd is bipartite, the parity of the number of zero coordinates of a vertex defining
the bipartition. Respectively, we two-color the vertices of Qd black and white, giving 0 color
black.
The intersection of Qd with one of the hyperplanes xi = 0 or xi = 1, i ∈ {1, . . . , d}, is a
(d−1)-dimensional hypercube called a facet of Qd . In particular, Qd has 2d distinct facets;
of these, the one given by xd = 0 is, naturally, Qd−1.
In this paper, all graphs under consideration are induced subgraphs of Qd , the only ex-
ception being their spanning trees. Hence, whenever we do not talk about a spanning tree,
we identify a graph with its vertex set. A graph is simple-majority if it is on more than 2d−1
vertices; the set of all simple-majority graphs is denoted by sm = sm(d). A graph is bulky
if it meets every facet of Qd (equivalently, it does not lie entirely in any one facet) and is
connected; the set of all bulky graphs and their supergraphs is denoted by B = B(d).
The original goal of this research was to prove the following.
PROPOSITION. sm ⊂ B, i.e., every simple-majority graph has a bulky subgraph.
The proposition was conjectured by Alon et al. (cf. Section 2 of [2]) who also observed that,
if true, it implied—at least up to a constant factor—the sharpness of one of the results in [2].
(We remark that this constant factor computes to 4/3 rather than the observed 4, since the
expression (k− 1)n/r in Lemma (2.1) of [2] can be replaced by (k− 1)n/(r + k− 2) without
changing the original argument.)
In Section 3, we shall see that the proposition is indeed true; however, given a graph G, we
will be interested not only in the existence of a bulky subgraph of G, but also in the minimum
number of vertices in such a subgraph.
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2. THE REHASH LEMMA
Our main tool is the following notion. The rehash, µd , in the direction of xd is the idempo-
tent operator on the set of the induced subgraphs of Qd , given by:
µd G 3 v = (v1, . . . , vd−1, vd)⇔
[
v is black and both v and (v1, . . . , vd−1, 1− vd ) are in G;
or: v is white and either v or (v1, . . . , vd−1, 1− vd ) is in G.
For a fixed graph G, the correspondence µd : G 7→ µd G can be viewed as the involution on
the vertex set of Qd under which a black vertex v = (v1, . . . , vd−1, vd) is swapped with its
[white] neighbor w := (v1, . . . , vd−1, 1−vd) [in the direction of xd ] if and only if v ∈ G and
w 6∈ G. Let us denote this involution by µd [G]. The following fact is crucial for us.
LEMMA. If Qd−1 ∩ µd G contains a bulky (in Qd−1) tree on k + 2 ≥ 3 vertices then G
contains a bulky tree on at most d1.5ke + 2 < 1.5(k + 2) vertices.
PROOF. Let T be a bulky tree in Qd−1 ∩ µd G on k + 2 vertices. Partition the vertices of
T into three sets, B, M , and W , as follows. B is the set of the black leaves of T , M is the set
of the internal black vertices of T , and W is the set of the white vertices of T . Notice that, by
the definition of µd , each [black] vertex v ∈ B ∪ M and its [white] neighbor v + ed are the
vertices of G. If M is empty, then T is a star [on d vertices] with a white center; we leave it to
the reader to argue that, in this case, G contains a bulky tree on d + 1 = k + 3 ≤ d1.5ke + 2
vertices. Thus assume that M is non-empty. For each vertex v ∈ B, define ν(v) to be zero if
the [unique, white] neighbor w of v in T is also in G, and to be one otherwise. Consider the
graph
A := {v + ν(v)ed : v ∈ B} ∪ M ∪ (M + ed) ∪ µ1[G]W.
We claim that A is a sought tree. Indeed, A is a subgraph of G. Also, by construction, A is a
tree. Since M is non-empty, A is incident with both Qd−1 and Qd−Qd−1. Moreover, since
T is bulky in Qd−1 and Qd−1 ∩ µd A = T , we conclude that A is incident with every facet
of Qd , i.e., is bulky. Finally, |A| = |B| + 2|M | + |W | = k + 2 + |M | ≤ d1.5ke + 2, as
required. (To derive the last inequality, notice that the number of internal black vertices in
a tree is smaller than half of the total number of vertices; this can be seen, for example, by
orienting the edges of the tree away from a fixed leaf.) 2
3. THE CLASS ? OF GRAPHS
By analogy with µd , define the rehashes µ1, . . . , µd−1 in the directions of x1, . . . , xd−1,
respectively. Given a permutation σ ∈ Sd on d elements, set σG := µσ1 . . . µσd G. Write
G ∈ ? if and only if there exists a permutation σ = σ(G) such that the graph σG contains a
black vertex. Set γd := d1.5d1.5 . . . d1.5︸ ︷︷ ︸
d−1
·0.2 − 0.2 e . . .ee︸ ︷︷ ︸
d−1
+2. Observe that γd = d + 1 for
d ≤ 4.
THEOREM. Every graph G ∈ ? contains a bulky tree on at most γd vertices.
PROOF. The proof is by induction on the dimension d . The base of induction, cases d = 1
and d = 2, is trivial. For the step of induction, suppose that d ≥ 3 and let G be in ?. Without
loss of generality, we may assume that 0 is a [black] vertex of µ1 . . . µd G. Then the graph
Qd−1 ∩µd G is in ? with respect to Qd−1. By induction, it contains a bulky [in Qd−1] tree on
at most γd−1 vertices. The claim of the theorem now follows from the lemma. 2
COROLLARY. sm ⊆ ? ⊆ B. In particular, the proposition is true.
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PROOF. Since there are only 2d−1 white vertices in Qd , sm ⊆ ?. By the theorem, ? ⊆ B.
2
4. MINIMUM ORDER OF A BULKY SUBGRAPH
For a graph G ∈ B, let us write β(G) for the minimum number of vertices in a bulky
subgraph of G. As observed in [2], β(G) ≥ d + 1, since a spanning tree of a bulky graph has
at least d edges: at least one edge in each of the d directions.
For a non-empty subset F of B, set β(F) := max {β(G) : G ∈ F}. By the corollary,
d + 1 ≤ β(sm) ≤ β(?) ≤ β(B). (∗)
In this section, we evaluate β(?) and estimate β(B).
Claim 1. β(?) = γd . In particular, β(?) = 2(1.5d).
PROOF. By the theorem, β(?) ≤ γd . To see the reverse inequality, consider the family of
induced paths {Pd ⊆ Qd ∩ {x1 = x2 = 0} : d ≥ 2} constructed recursively as follows. Set
P2 := {0}; for d ≥ 3, suppose that Pd−1 := v1 . . . vk has been constructed and set
Pd := {vi ∈ Pd−1 : i 6≡ 2 (mod 4)} ∪ {v j + ed : v j ∈ Pd−1, j 6≡ 0 (mod 4)}.
In particular, each Pd starts at 0, Qd−1 ∩ µd Pd = Pd−1, and |Pd | = d1.5|Pd−1|e = γd − 2.
Similarly, let {Rd ⊆ Qd ∩ {x1 = 0} : d ≥ 2} be the family of induced paths constructed
recursively in the same way as the Pd ’s except R2 := {0, e2}. In particular, each Rd starts at
0, contains Pd , and Qd−1 ∩µd Rd = Rd−1. Finally, for each d ≥ 2, consider the induced path
Gd := Rd ∪ {e1}. Again, Qd−1 ∩ µd Gd = Gd−1, so that an easy inductive argument shows
that Gd ∈ ?. Furthermore, every bulky subgraph of Gd contains {e1} ∪ Pd properly, since 0e1
is the only edge of Gd in the direction of x1, while Pd has no edge in the direction of x2. This
shows that β(Gd) ≥ |Pd | + 2 = γd , as claimed. 2
For d ≥ 2, let ζd denote the maximum number of vertices in an induced path in Qd−2.
Notice that the above graphs Pd certify that ζd ≥ γd−2. Also, the inequality ζd > 0.3×2d−2
was shown by Abbot and Katchalski [1]. Set ζ1 := 0.
Claim 2. β(B) = ζd + 2. In particular, β(B) = 2(2d).
PROOF. To see that β(B) ≥ ζd + 2 for d ≥ 2, consider a maximum induced path P :=
v1 . . . vζd in the (d−2)-dimensional hypercube Qd ∩ {x1 = 0} ∩ {x2 = 0}. Then the graph
G := {v1 + e1} ∪ P ∪ {vζd + e2} ⊂ Qd is an induced path on ζd + 2 vertices, and the only
bulky subgraph of G is G itself.
To see the reverse inequality, consider a bulky graph G on β(B) vertices such that no proper
subgraph of G is bulky. (Such a G exists by the definition of β(B).) Let T be its spanning
tree, and let v1, . . . , vp be the leaves of T . If u is the [unique] neighbor of v1 in T then no
other edge of T is in the same direction as uv1, since otherwise T−{v1} would have been a
spanning tree of a bulky graph, which is impossible. Hence, the graph A := G−{v1, . . . , vp}
is a subgraph of the (d−p)-dimensional hypercube and, if p = 2, we are done. (Why?) Thus
assume that p ≥ 3. We have:
ζd + 2 ≤ β(B) = |T | = |A| + p ≤ |Qd−p| + p = 2d−p + p. (∗∗)
If d ≤ 7 then extending (∗∗) by the inequality γd ≤ ζd + 2 shows that either p = d = 4
(whence G is a star on 5 = ζ4 + 2 vertices, as required) or p ≤ 3. Similarly, if d > 7 then
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extending (∗∗) by the inequality 0.3× 2d−2 + 2 < ζd + 2 shows that p ≤ 3. Hence, assume
that p = 3. Then A is an induced tree in Qd−3 homeomorphic to either K2 or K1,3. Either
way, A contains an induced path on at least
a := |A| −
⌊ |A| − 1
3
⌋
=
⌈
2|A| + 1
3
⌉
vertices. By the construction described in the proof of Claim 1, this path can be turned into
an induced path in Qd−2 on at least d1.5ae ≥ |A| + 1 vertices. This shows that |A| + 1 ≤ ζd
whence β(B) = |T | = |A| + 3 ≤ ζd + 2, as required. 2
5. β(sm) FOR d ≤ 5
Plugging the values of ζd for d ≤ 5 into (∗) gives β(sm) = β(?) = β(B) = d + 1 when
d ≤ 4 and d + 1 ≤ β(sm) ≤ d + 2 = β(?) = β(B) when d = 5. In this section, we show
that β(sm) = d + 1 when d = 5. We use the notation of the proof of the lemma.
First let d = 4, G ∈ sm(4) and suppose, without loss of generality, that |Q3 ∩ µ4G| > 4.
Further, assume that the only bulky subgraph of G on five vertices is the white-ended path.
Notice that the construction in the lemma’s proof yields such a path A only if every choice of
T on four vertices is a path w1b1w2b2 such that the wi ’s are white (whence the bi ’s are black)
and w1 ∈ G 63 w2. Then, it is easy to argue that Q3 ∩ µ4G is the induced white-ended path
on five vertices, cf. the left of the figure, so that the white-ended path on seven vertices in the
right of the figure is a subgraph of G, while no vertex marked by a square is in G. Moreover,
no unmarked vertex—perhaps, with the exception of the neighbor of the black square—is
in G either, since else G would have a bulky subgraph on five vertices different from the
white-ended path. However, then G has at most eight vertices, which is a contradiction.
Next, notice that a tree on five vertices properly colored black and white has two internal
black nodes if and only if it is the white-ended path. We conclude that every G ∈ sm(4) has
a bulky tree on five nodes with at most one internal black node.
Let now d = 5 and G ∈ sm(5). Without loss of generality, suppose that |Q4 ∩ µ5G| > 8.
Let T ⊂ Q4 ∩ µ5G be a bulky [in Q4] three on five vertices with |M| ≤ 1. If |M | = 0 then,
as remarked in the proof of the lemma, β(G) = d + 1 = 6. If |M | = 1 then A is a bulky tree
on |T | + |M | = 6 nodes. This proves that β(sm) = 6 when d = 5, as claimed.
6. CONCLUSION
Applying the recursive construction in the proof of the lemma to the inequality β(sm) <
β(?) for d = 5 yields β(sm) < β(?) for all d ≥ 5. I suspect that β(?)/β(sm) = (εd) for
some ε > 1, perhaps even for every such ε < 1.5. The fact that I could not find an example of
a simple-majority graph G with β(G) > d + 1 adds to this suspicion. One way to confirm it
might be to play on the difference between the statements ‘for every permutation σ , the graph
σG has a black vertex’ and ‘there is a permutation σ such that the graph σG has a black
vertex’; I was not able to do this.
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